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$EVWUDFW

�����+LJK�SRZHU� SURWRQ� OLQDFV� IRU� QXFOHDU� PDWHULDOV
WUDQVPXWDWLRQ� DQG� SURGXFWLRQ�� DQG� QHZ� DFFHOHUDWRU�GULYHQ
QHXWURQ�VSDOODWLRQ�VRXUFHV�PXVW�EH�GHVLJQHG� WR�FRQWURO�EHDP�
KDOR� IRUPDWLRQ�� ZKLFK� OHDGV� WR� EHDP� ORVV�� 7KH� VWXG\� RI
SDUWLFOH�FRUH�PRGHOV�LV�OHDGLQJ�WR�D�EHWWHU�XQGHUVWDQGLQJ�RI�WKH
FDXVHV� DQG� FKDUDFWHULVWLFV� RI� EHDP� KDOR� SURGXFHG� E\� VSDFH�
FKDUJH� IRUFHV� LQ� UPV� PLVPDWFKHG� EHDPV�� 'HWDLOHG� VWXGLHV� RI
WKH�PRGHOV�KDYH� UHVXOWHG� LQ� SUHGLFWLRQV� RI� WKH� GHSHQGHQFH�RI
WKH� PD[LPXP� DPSOLWXGH� RI� KDOR� SDUWLFOHV� RQ� D� PLVPDWFK
SDUDPHWHU� DQG� RQ� WKH� VSDFH�FKDUJH� WXQH�GHSUHVVLRQ� UDWLR�
6FDOLQJ� IRUPXODV� KDYH� EHHQ� GHULYHG� ZKLFK� ZLOO� SURYLGH
JXLGDQFH� IRU� FKRRVLQJ� WKH� DSHUWXUH� UDGLXV� WR� FRQWDLQ� WKH� KDOR
ZLWKRXW�ORVV�

,QWURGXFWLRQ

�����+LJK�LQWHQVLW\� SURWRQ� OLQDFV� DUH� EHLQJ� SURSRVHG� IRU� QHZ
SURMHFWV� DURXQG� WKH� ZRUOG�� HVSHFLDOO\� IRU� WULWLXP� SURGXFWLRQ�
DQG� IRU� SXOVHG� VSDOODWLRQ� QHXWURQ� VRXUFHV�� 7\SLFDO
UHTXLUHPHQWV�IRU�WKHVH�OLQDFV�LQFOXGH�KLJK�SHDN�EHDP�FXUUHQWV
RI�DERXW�����P$��DQG�ILQDO�HQHUJLHV�RI�DERXW���*H9��)RU�WKHVH
DSSOLFDWLRQV� KLJK� DYDLODELOLW\� LV� GHPDQGHG�� +LJK� DYDLODELOLW\
UHTXLUHV� YHU\� ORZ� EHDP�ORVV� WR� DYRLG� UDGLRDFWLYDWLRQ� RI� WKH
DFFHOHUDWRU�DQG� WR�DOORZ�KDQGV�RQ�PDLQWHQDQFH� WKDW�ZLOO�NHHS
WKH�PHDQ� UHSDLU� DQG�PDLQWHQDQFH� WLPHV� VKRUW�� 7KLV� FKDOOHQJH
ZLOO� UHTXLUH� D� JUHDWHU� XQGHUVWDQGLQJ� RI� WKH� HYROXWLRQ� RI� WKH
EHDP�GLVWULEXWLRQ��LQFOXGLQJ�WKH�ORZ�GHQVLW\�EHDP�KDOR�

3DUWLFOH�&RUH�0RGHOV

�����1XPHULFDO� VWXGLHV� KDYH� HVWDEOLVKHG� UPV� PLVPDWFK� DV� D

PDMRU� FDXVH� RI� HPLWWDQFH� DQG� KDOR� JURZWK�������7KH� SDUWLFOH�

FRUH�PRGHO
�����

� IRU� D� FRQWLQXRXV� EHDP� KDV� FRQWULEXWHG� WR� DQ
XQGHUVWDQGLQJ�RI�WKH�XQGHUO\LQJ�FDXVHV�RI�KDOR�IRUPDWLRQ�IURP
PLVPDWFKHG� EHDPV�� :H� KDYH� UHFHQWO\� GHYHORSHG� D� SDUWLFOH�
FRUH�PRGHO�IRU�WKH�FDVH�RI�D�VSKHULFDO�EXQFK��,Q�WKHVH�PRGHOV
WKH� VSDFH�FKDUJH� ILHOG� IURP� D� PLVPDWFKHG� EHDP� FRUH�
SURSDJDWLQJ� LQ� D� XQLIRUP� OLQHDU� IRFXVLQJ� FKDQQHO�� LV
UHSUHVHQWHG� E\� D� KDUG�HGJHG�� VSDWLDOO\�XQLIRUP� GHQVLW\
GLVWULEXWLRQ� WKDW�RVFLOODWHV� UDGLDOO\� LQ� WKH� V\PPHWULF�EUHDWKLQJ
PRGH��7KH�DPSOLWXGH�RI�WKH�EUHDWKLQJ�PRGH�LV�GLUHFWO\�UHODWHG
WR�WKH�LQLWLDO�UPV�PLVPDWFK�RI� WKH�EHDP��7KH�G\QDPLFV�RI� WKH
RXWHU� KDOR� SDUWLFOHV� DUH� GHWHUPLQHG� E\� WKH� H[WHUQDO� IRFXVLQJ
IRUFH�DQG�WKH�UHSXOVLYH�VSDFH�FKDUJH�IRUFH�IURP�WKH�RVFLOODWLQJ
FRUH��7KH�EHKDYLRU�RI�WKHVH�SDUWLFOHV�LV�VWXGLHG�LQ�WKH�PRGHO�E\
UHSUHVHQWLQJ� WKH�RXWHU� KDOR� SDUWLFOHV�ZLWK� VLQJOH� SDUWLFOHV� WKDW
RVFLOODWH�WKURXJK�WKH�FRUH��DQG�LQWHUDFW�ZLWK�LW��:H�ZLOO�UHVWULFW
RXU� WUHDWPHQW� WR� SDUWLFOHV� ZLWK� ]HUR� DQJXODU�PRPHQWXP�� 7KH
HTXDWLRQV�IRU� WKH�PRGHOV�FDQ�EH�H[SUHVVHG� LQ�D�GLPHQVLRQOHVV
IRUP�� 7KH� HTXDWLRQ� RI� PRWLRQ� RI� WKH� FRUH� UDGLXV� LV� WKH
HQYHORSH�HTXDWLRQ
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7KH�PDWFKHG�EHDP�VL]H�LV�WKH�VROXWLRQ�RI�(T���ZKHQ�G�U�GW�� 
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d2x

dτ2 + x − 1− η2( ) x / r2

x / r3
 
 
 

= 0, x < r � ��D�

DQG�RXWVLGH�WKH�FRUH�LV
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= 0,   x≥ r ��� ��E�

7KH� XSSHU� H[SUHVVLRQ� LQ� WKH� EUDFNHW� IRU� HDFK� RI� WKH� DERYH
HTXDWLRQV� LV� WKH� VSDFH�FKDUJH� WHUP� IRU� WKH� FRQWLQXRXV� EHDP
DQG� WKH� ERWWRP� H[SUHVVLRQ� LV� IRU� WKH� VSKHULFDO� EXQFK�� 7KH
TXDQWLWLHV� U� DQG� [� DUH� GLPHQVLRQOHVV� GLVSODFHPHQWV� WDNHQ
UHODWLYH�WR�WKH�UDGLXV�5��RI�WKH�PDWFKHG�FRUH��WKH�LQGHSHQGHQW

YDULDEOH�LV�W� �N�]��ZKHUH�]�LV�WKH�D[LDO�GLVWDQFH�DQG�N��LV�WKH

]HUR�FXUUHQW� SKDVH� DGYDQFH� SHU� XQLW� OHQJWK� ZLWKRXW� VSDFH

FKDUJH�� DQG�K�  � N�N�� LV� WKH� VSDFH�FKDUJH� WXQH� GHSUHVVLRQ�� ,W

FDQ� EH� VKRZQ� WKDW�
  
η = 4ε / k0R0

2
�� ZKHUH� H� LV� WKH

XQQRUPDOL]HG� UPV� HPLWWDQFH�� )RU� WKH� F\OLQGULFDO� EHDP�

  
1 − η2 = K / k0

2R0
2
�� ZKHUH� WKH� TXDQWLW\�.� LV� WKH� JHQHUDOL]HG

SHUYHDQFH��UHODWHG�WR�WKH�SDUWLFOH�FKDUJH�T��PDVV�P��YHORFLW\�E�

UHODWLYLVWLF� PDVV� IDFWRU� J�� DQG� EHDP� FXUUHQW� ,�� E\

K = qI / 2πε0mc3γ3β3
�� DQG� IRU� WKH� VSKHULFDO� EXQFK� ZLWK

QXPEHU� RI� SDUWLFOHV�1�SHU� EXQFK��
  
1 − η2 = κ / k0

2R0
3
��ZKHUH

  κ = q2N / 4πε0mc2β2γ3 �� � 7KH� GHJUHH� RI� PLVPDWFK� LV
PHDVXUHG�E\�WKH�PLVPDWFK�SDUDPHWHU�P��GHILQHG�DV�WKH�UDWLR�RI
WKH� LQLWLDO�EHDP�UDGLXV� WR� WKH� UDGLXV�RI� WKH�PDWFKHG�EHDP��DQ

UPV�PDWFKHG�EHDP�KDV�P� ���
�����7KH�SDUWLFOH�SKDVH�VSDFH�PRWLRQ�LV�FRPSOLFDWHG��EHFDXVH�RI
WKH� WLPH�GHSHQGHQW� VSDFH�FKDUJH� IRUFH�� ZKLFK� LV� QRQOLQHDU
ZKHQ�WKH�SDUWLFOHV�DUH�RXWVLGH�WKH�FRUH��7KH�SDUWLFOHV�FDQ�HLWKHU
JDLQ� RU� ORVH� HQHUJ\�� GHSHQGLQJ� RQ� WKH� SKDVH� RI� WKH� SDUWLFOH
PRWLRQ� UHODWLYH� WR� WKH� SKDVH� RI� WKH� FRUH� RVFLOODWLRQ�� 7KH
SDUWLFOHV� VORZO\�JDLQ� RU� ORVH� HQHUJ\� DV� D� UHVXOW� RI� D� VHULHV� RI

NLFNV�� ,W� KDV� EHHQ� IRXQG� WKDW� D� SDUDPHWULF� UHVRQDQFH� H[LVWV�

VXFK� WKDW� WKH� ODUJHVW� HQHUJ\� WUDQVIHU� RFFXUV�ZKHQ� WKH� SDUWLFOH
IUHTXHQF\� LV� DERXW� RQH� KDOI� WKH� FRUH� IUHTXHQF\�� 7KH� SDUWLFOH
IUHTXHQFLHV�GHSHQG�RQ�WKH�DPSOLWXGH��EHFDXVH�RI�WKH�QRQOLQHDU
VSDFH�FKDUJH� IRUFH�� DQG� QRW� DOO� SDUWLFOHV� FDQ� EH� ORFNHG� LQWR
UHVRQDQFH�� 7KH� PRWLRQ� LV� PRVW� FRQYHQLHQWO\� GHVFULEHG� E\
VKRZLQJ� D� VWURERVFRSLF� RU� 3RLQFDUH�PDS�� VKRZQ� LQ� )LJ���� LQ

ZKLFK� x − ′ x � SKDVH� VSDFH� IRU� WKH� FRQWLQXRXV� EHDP�ZLWK�P�  
����� DQG� K�  � ����� DQG� LV� SORWWHG� IRU� DQ� LQLWLDO� DUUD\� RI� WHVW
SDUWLFOHV��RQFH�SHU�FRUH�RVFLOODWLRQ�F\FOH��$Q�LQLWLDO�GLVWULEXWLRQ

RI� KDOR� SDUWLFOHV� LV� GLVWULEXWHG� UHJXODUO\� DORQJ� WKH� [� DQG� ′ x 
D[HV�� DQG� WKH� VWUREH� WLPH� LV� WDNHQ� ZKHQ� WKH� FRUH� UDGLXV� LV



PLQLPXP�� ,Q� )LJ��� ZH� VKRZ� WKH� FRUUHVSRQGLQJ� VWURERVFRSLF
SORW�IRU�WKH�PLVPDWFKHG�VSKHULFDO�EXQFK�
7KUHH�GLVWLQFW�UHJLRQV�DUH�REVHUYHG�LQ�)LJV���DQG����GHILQHG�E\
D� VHSDUDWUL[�� )LUVW�� WKHUH� LV� WKH� LQQHU� UHJLRQ�� ZKLFK� PD\� EH
FDOOHG� D� FRUH�GRPLQDWHG� UHJLRQ�� 3DUWLFOHV� ZLWK� WUDMHFWRULHV� LQ
WKLV�UHJLRQ�VSHQG�PRVW�RI�WKHLU�WLPH�LQVLGH�WKH�FRUH��ZKHUH�WKH
IUHTXHQFLHV� RI� PRWLRQ� DUH� WRR� VPDOO� IRU� D� VWURQJ� UHVRQDQW
HQHUJ\�WUDQVIHU�ZLWK�WKH�FRUH��7KHUH�LV�DQ�RXWHU�UHJLRQ��ZKLFK
PD\� EH� FDOOHG� WKH� IRFXVLQJ�GRPLQDWHG� UHJLRQ�� LQ� ZKLFK� WKH
SDUWLFOHV�VSHQG�PRVW�RI�WKHLU�WLPH�RXWVLGH�WKH�FRUH��7KH�PRWLRQ
RI�WKHVH�SDUWLFOHV�LV�PRVWO\�GHWHUPLQHG�E\�WKH�H[WHUQDO�IRFXVLQJ
IRUFH�� DQG� WKHVH� SDUWLFOHV� KDYH� DQ� RVFLOODWLRQ� IUHTXHQF\� WRR
KLJK� WR� KDYH� UHVRQDQW� HQHUJ\� WUDQVIHU� ZLWK� WKH� FRUH�� )LQDOO\�
WKHUH� DUH� WKH� UHJLRQV� VXUURXQGLQJ� WZR� IL[HG� SRLQWV� RQ� WKH� [
D[LV�� RQH� RQ� HDFK� VLGH� RI� WKH� RULJLQ�� ,Q� WKHVH� UHJLRQV� WKH
SDUWLFOH� RVFLOODWLRQ� IUHTXHQFLHV� DUH� FORVH� WR� RQH� KDOI� WKH� FRUH
IUHTXHQF\��DQG�WKH�SDUDPHWULF�UHVRQDQFH�SURGXFHV�ODUJH�HQHUJ\
WUDQVIHUV�� 7KH� DPSOLWXGH� JURZWK� IRU� WKH� UHVRQDQW� SDUWLFOHV� LV
VHOI� OLPLWLQJ�� EHFDXVH� RI� WKH� QRQOLQHDULW\�� $� PD[LPXP
UHVRQDQW�SDUWLFOH� DPSOLWXGH� H[LVWV�� ZKLFK� GHSHQGV� RQ� WKH
DPSOLWXGH�RI� WKH�FRUH�EUHDWKLQJ�PRGH��ZKLFK� LV� UHODWHG� WR� WKH
LQLWLDO� UPV�PLVPDWFK�RI� WKH�EHDP��7KH�JHQHUDO� IHDWXUHV�RI� WKH
SDUWLFOH�G\QDPLFV�DSSHDU�WR�EH�LQVHQVLWLYH�WR�WKH�GHWDLOV�RI�WKH
DVVXPHG�FRUH�GLVWULEXWLRQ��)RU�H[DPSOH��D�VLPLODU�VWURERVFRSLF
SORW�LV�REWDLQHG��LI�WKH�GLVWULEXWLRQ�RI�WKH�FRUH�LV�FKDQJHG�IURP

XQLIRUP� WR� *DXVVLDQ��� 7KH� DSSHDUDQFH� RI� WKH� VWURERVFRSLF

SORWV� LV�IRXQG�WR�EH�YHU\�LQVHQVLWLYH� WR� WKH� WXQH�GHSUHVVLRQ�K�
&KDRV��REVHUYHG�DV�D�EUHDNXS�RI�WKH�VHSDUDWUL[��FDQ�EH�VHHQ�IRU

YDOXHV�RI� WKH�VSDFH�FKDUJH�WXQH�GHSUHVVLRQ�UDWLR��EHORZ�DERXW
����
�����2XU� K\SRWKHVLV� LV� WKDW� LI�ZH� LQMHFW� D� UHDOLVWLF� EHDP�ZLWK� D
WDLO�WKDW�LV�UPV�PLVPDWFKHG�WR�WKH�IRFXVLQJ�ODWWLFH��WKH�SDUWLFOHV
LQ� WKH� WDLO� WKDW� IDOO� XQGHU� WKH� LQIOXHQFH� RI� WKH� SDUDPHWULF
UHVRQDQFH� ZLWK� WKH� EUHDWKLQJ� PRGH� ZLOO� EH� GULYHQ� WR� ODUJH
DPSOLWXGHV�� DQG� SURGXFH� WKH� KDOR�� :H� FDQQRW� UXOH� RXW� WKH
SRVVLELOLW\� WKDW� EHDP� LQVWDELOLWLHV�PLJKW� DOVR� FDXVH� DGGLWLRQDO
SDUWLFOHV� IURP� WKH� FRUH� UHJLRQ� WR� PRYH� DFURVV� WKH� VHSDUDWUL[
LQWR�WKH�UHVRQDQFH�GRPLQDWHG�UHJLRQ�DQG�DGG�WR�WKH�KDOR��7KDW
RQO\�D�VPDOO�SHUFHQWDJH�RI�WKH�SDUWLFOHV�FRPSULVHV�WKH�KDOR�LQ�D
UHDO� EHDP�� FDQ� EH� H[SODLQHG� EHFDXVH� WKH� SHUFHQWDJH� RI� WKH
SDUWLFOHV� LQ� WKH� WDLO� RI� WKH� LQMHFWHG� EHDP� WKDW� IDOO� ZLWKLQ� WKH
UHVRQDQFH� UHJLRQ� LV� VPDOO�� /RZ� WXQH� GHSUHVVLRQV� DQG
DFFRPSDQ\LQJ� FKDRV� FDQ� EH� H[SHFWHG� WR� LQFUHDVH� WKH
SRSXODWLRQ� RI� WKH� KDOR�� EHFDXVH� WKHQ�� PRUH� SDUWLFOHV� LQ� WKH
LQMHFWHG�EHDP�FDQ�EH�LQIOXHQFHG�E\�WKH�UHVRQDQFH�
�����$� VLJQLILFDQW� SUHGLFWLRQ� RI� WKH� SDUWLFOH�FRUH�PRGHO� LV� WKDW

IRU�JLYHQ�YDOXHV�RI�P�DQG�K��WKHUH�LV�D�PD[LPXP�DPSOLWXGH�IRU
WKH�UHVRQDQWO\�GULYHQ�SDUWLFOHV�WKDW�IRUP�WKH�KDOR��JLYHQ�E\�WKH
ORFDWLRQ� RI� WKH� RXWHUPRVW� SRLQW� RI� WKH� VHSDUDWUL[�� 7KH

PD[LPXP�DPSOLWXGHV�KDYH�EHHQ�FDOFXODWHG�DV�D� IXQFWLRQ�RI�P

DQG�IRU�K� �����DQG����� IURP�WKH�QXPHULFDO�VROXWLRQ�RI�(TV��
DQG� ��� DQG� DUH� VKRZQ� LQ� )LJ�� ��� )LJXUH� �� VKRZV� WKDW� WKH
VSKHULFDO�EXQFK�FDVH�OHDGV�WR�ODUJHU�PD[LPXP�DPSOLWXGHV�WKDQ
IRU� WKH� FRQWLQXRXV� EHDP��:H� LQWHUSUHW� WKH� UHVXOWV� RI� WKH� WZR
PRGHOV� DV� XSSHU� DQG� ORZHU� OLPLWV� LQ� D� VPRRWK� DSSUR[LPDWLRQ
IRU� WKH� DYHUDJH� YDOXHV� RI� WKH� PD[LPXP� DPSOLWXGHV� RI
HOOLSVRLGDO�EXQFKHV��EHFDXVH� LQ�SURWRQ� OLQDFV�� WKH� ORQJLWXGLQDO
VHPLD[LV�RI�WKH�EXQFKHV�LV�XVXDOO\�ODUJHU�WKDQ�WKH�UDGLXV��)URP
)LJ����LW�FDQ�EH�VHHQ�WKDW�WKH�PD[LPXP�DPSOLWXGH��DV�GHVFULEHG
LQ�WKH�QRUPDOL]HG�RU�GLPHQVLRQOHVV�IRUP��LV�YHU\�LQVHQVLWLYH�WR

K��7KH�QRUPDOL]HG�PD[LPXP�DPSOLWXGH�LV�ZHOO�GHVFULEHG�E\�DQ
DSSUR[LPDWH�HPSLULFDO�IRUPXOD

xmax / a = A + B ln(µ) � ���

ZKHUH�[PD[�LV� WKH�PD[LPXP�UHVRQDQW�SDUWLFOH�DPSOLWXGH��D� LV

)LJ���� 7KH� VWURERVFRSLF� SORW� IURP� WKH� SDUWLFOH�FRUH� PRGHO� IRU� D

VSKHULFDO�EXQFK�ZLWK�P� �����DQG�K� �����

)LJ���� 7KH� VWURERVFRSLF� SORW� IURP� WKH� SDUWLFOH�FRUH� PRGHO� IRU� D

FRQWLQXRXV�EHDP�ZLWK�P� ������DQG�K� �����

)LJ������0D[LPXP�DPSOLWXGHV�YHUVXV�P�IRU�SDUWLFOHV�LQ�WKH�UHVRQDQFH

UHJLRQV� IRU� WKH� F\OLQGHU�� DQG� VSKHUH�PRGHOV�� D�� VSKHUH�� K�  � ����� E�

VSKHUH��K� ������ F�� F\OLQGHU��K� ������ DQG�G�� F\OLQGHU��K�  � �����7KH
VROLG�SRLQWV�UHSUHVHQW�WKH�VPRRWKHG�3$50,/$�VLPXODWLRQ�UHVXOWV�IRU
FRPSDULVRQ� ZLWK� WKH� PRGHOV�� DQG� WKH� RSHQ� SRLQWV� UHSUHVHQW� WKH
PD[LPXP�DPSOLWXGHV�LQFOXGLQJ�TXDGUXSROH�IOXWWHU�



WKH�PDWFKHG� UPV� EHDP� VL]H��ZKLFK� LV� LGHQWLILHG� LQ� WKH�PRGHO
ZLWK�WKH�UPV�VL]H�RI�WKH�FRUH��DQG�$�DQG�%�DUH�ZHDN�IXQFWLRQV

RI�WKH�WXQH�GHSUHVVLRQ�K��,Q�WKH�UDQJH�0. 500≤ µ ≤ 0.952��DQG
1.05≤ µ ≤ 2.00��ZH�REWDLQ�OHDVW�VTXDUH�ILWWHG�YDOXHV�RI�$�DQG
%��7KHVH�DUH�JLYHQ�LQ�7DEOH���

��� 7DEOH��

&RUH K $ %

&\OLQGULFDO ��� ���� ����
&\OLQGULFDO ��� ���� ����
6SKHUH ��� ���� ����
6SKHUH ��� ���� ����

(TXDWLRQ��� LV� QRW� D� JRRG� DSSUR[LPDWLRQ� IRU�PLVPDWFKHV� YHU\

FORVH� WR� P�  � ��� ZKHUH�� DV� P� DSSURDFKHV� ��� [PD[�D� UDSLGO\

DSSURDFKHV� �� IRU� WKH� FRQWLQXRXV� EHDP�� DQG� 5 � IRU� WKH

VSKHULFDO�EXQFK�
�����:H� KDYH� GHWHUPLQHG� D� FKDUDFWHULVWLF� WLPH� VFDOH� IURP� WKH
SDUWLFOH�FRUH� PRGHO� IRU� SDUWLFOH� PRWLRQ� LQ� WKH� UHVRQDQFH
UHJLRQ�� 8QDPELJXRXV� UHVXOWV� DUH� REWDLQHG� E\� FDOFXODWLQJ� WKH
SHULRG� IRU� VPDOO�DPSOLWXGH� RVFLOODWLRQV� DERXW� D� VWDEOH� IL[HG
SRLQW�RQ� WKH�[�D[LV�RI� WKH� VWURERVFRSLF�SORWV��3DUWLFOH�SHULRGV

IRU� WKH� FRQWLQXRXV� EHDP�� REWDLQHG� IRU�P�  � ����� DUH� DERXW� ��

EUHDWKLQJ�PRGH� SHULRGV� IRU� K� �� ����� DQG� IRU� K� !� ����� WKH

SDUWLFOH� SHULRG� LQFUHDVHV� UDSLGO\� ZLWK� K�� ,I� ZH� LQWHUSUHW� WKH
SDUWLFOH� SHULRGV� IURP� WKH� SDUWLFOH�FRUH� PRGHO� DV� WKH
FKDUDFWHULVWLF� JURZWK� WLPH� IRU� WKH� KDOR�� ZH� REVHUYH� WKDW� WKH

JURZWK�WLPH�IRU�WKH�KDOR�LV�UHGXFHG�VLJQLILFDQWO\�DV�K�GHFUHDVHV
IURP����� WR������7KH�ZDYH�QXPEHU�NE� IRU� WKH�EUHDWKLQJ�PRGH

FDQ� EH� REWDLQHG� IURP� WKH� H[SUHVVLRQV� IRU� WKH� SKDVH� DGYDQFH

SHU�XQLW�OHQJWK�� kb
2 / k0

2 = 2(1+ η2) �IRU�WKH�FRQWLQXRXV�EHDP�

DQG� kb
2 / k0

2 = 3+ η2
�IRU�WKH�VSKHULFDO�EXQFK�

�����,Q�D�UHDO�OLQDF��DGGLWLRQDO�HIIHFWV�WKDW�DUH�QRW�LQFOXGHG�LQ�WKH
SDUWLFOH�FRUH� PRGHO�� PXVW� EH� DFFRXQWHG� IRU�� VXFK� DV� EHDP�
HQYHORSH�IOXWWHU�DVVRFLDWHG�ZLWK�D�TXDGUXSROH�IRFXVLQJ�V\VWHP�
DFFHOHUDWLRQ�� DQG� WKH� LQIOXHQFH� RI� RWKHU� PRGHV� RI� WKH
PLVPDWFKHG�EHDP��:H�KDYH�FRQGXFWHG�D�WHVW�RI�WKH�SUHGLFWLRQV
RI� WKH� SDUWLFOH�FRUH� PRGHO�� E\� FDUU\LQJ� RXW� 3$50,/$
VLPXODWLRQV�� XVLQJ� DQ� U�]� VSDFH�FKDUJH� PHVK� ZLWK� LQGLYLGXDO

UXQV�DW�����SDUWLFOHV�SHU�UXQ��7KH�OLQDF�XVHG�IRU�WKH�WHVW�ZDV�D
����� WR� �����0H9� VHFWLRQ�RI� D� VXSHUFRQGXFWLQJ�SURWRQ� OLQDF
ZLWK� YDULDEOH� WXQH� GHSUHVVLRQV� DQG� ZLWK� WUDQVYHUVH� IRFXVLQJ
IURP� D� VLQJOHW� TXDGUXSROH� )2'2� ODWWLFH�� $Q� LQLWLDO� ��'
ZDWHUEDJ� GLVWULEXWLRQ� �XQLIRUPO\�ILOOHG� ��'� HOOLSVRLG�� ZDV
XVHG�� DQG� WKH� EHDP� ZDV� JLYHQ� WKH� VDPH� LQLWLDO� PLVPDWFK

SDUDPHWHU�P� LQ�DOO� WKUHH�SODQHV��ZKLFK�ZDV�YDULHG�IURP�UXQ�WR
UXQ��6LPXODWLRQ�VWXGLHV�RI�EHDP�PLVPDWFK�KDYH�VKRZQ�WKDW�WKLV
W\SH�RI�PLVPDWFK�DSSHDUV�WR�SURGXFH�WKH�PRVW�H[WHQGHG��KDOR�
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LQ�)LJ����DUH�REVHUYHG� WR� OLH�EHWZHHQ� WKH� VSKHUH�DQG�F\OLQGHU
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D�PDLQ�GULYHU�RI� WKH�EHDP�KDOR�LQ�D� OLQDF��$V�D�IXUWKHU� WHVW�RI
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